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Maple Transactions

Announcing Maple Transactions

a “Diamond” class open access journal with no page charges

Now listed by DBLP

mapletransactions.org

An exemplary paper:

Some Instructive Mathematical Errors by Richard P. Brent,

(we might remark on this paper later)
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Perturbation Methods using Backward Error

A book, by Nic Fillion and myself, published May 6 2026 by SIAM.

Perturbation methods using backward error at the SIAM bookstore

Much of the material for this talk can be found in Chapter 8 of that book.

More can be found at our paper for Ray Spiteri’s GO20 conference in

Malta 2024 which the final version has been published in a Springer

volume.

The design for the cover was chosen from one of the images (colour

contour plots of Green’s functions) described in this paper with Michelle

Hatzel.
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There must be “a few books” already on Perturbation Methods

Figure 1: RMC and Don Quixote, in Alcalá de Henares, 2017
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Why, on Earth, write another?

Fools rush in where angels fear to tread.

—Alexander Pope, An essay on criticism, written 1709

• There are only two other books that use backward error [3, 4]

• We claim backward error is very useful for perturbation methods∗

• We think computer algebra is still under-utilized nowadays, although

there are some works that use it systematically

• Even though scientific computing has progressed far beyond

perturbation methods, there is still a need for them.

∗ This fact may seem obvious in retrospect. We contend that the

obstacle of hand labour has discouraged full use of backward error in

practice till now. It has some advantages!
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The goal of perturbation methods: short lucid formulae

Numerical solution and graphs (and animations) are truly valuable, but

sometimes a short lucid formula can tell you just as much as an hour

with a simulator and visualization tools can.

This depends on the scientist (or student!) understanding the terms in

the formula, of course!
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Backward error is not purely mathematical

Although backward analysis is a perfectly straightforward

concept there is strong evidence that a training in classical

mathematics leaves one unprepared to adopt it. . . . I have

even detected a note of moral disapproval in the attitude of many

to its use and there is a tendency to seek a forward error analysis

even when a backward error analysis has been spectacularly

successful.

—J. H. Wilkinson, in [Wilkinson1985]
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What is “Backward Error?”

Figure 2: We want to compute φ(x) but we cannot, for some reason. We can

compute ŷ = φ̂(x). This has forward error y − ŷ . But perhaps ŷ = φ(x +∆x)

exactly; ∆x is a “backward error” (this need not be unique). Or perhaps

ŷ = (φ+∆φ)(x); then ∆φ is another kind of backward error.
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That’s not mathematics (it’s Applied Mathematics, of course)

Changes in the input data x , to x +∆x , are usual in science

(engineering, economics, psychology, anything). Changes in the

mathematical model φ are also usual: one normally neglects terms and

effects that are considered to be “small” or “unimportant.”

If we can put our errors-in-solution in the same context as these kinds of

data or modelling errors, then we can reuse the tools that we have to use

for such (e.g. the “sensitivity” or “conditioning” of the problem).
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Residuals

If we have a putative approximate solution S to a problem P(x) = 0 (P

can be a simple polynomial, or a dreadfully high-dimensional operator; we

search for an x which makes the output 0), then the residual r is what

we get when we substitute S into P:

r := P(S) . (1)

Then S is (trivially, but profoundly) the exact solution to P(x)− r = 0, a

potentially different problem if r ̸= 0 (but potentially just as good a

model (if r is “small”) as P was for the underlying phenomenon).
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An example: Aging Spring

Some physical problems have natural “secular” (slowly-varying) terms in

them. For instance, consider the “aging spring” [1]: (ε > 0 here)

ÿ + e−εty = 0 . (2)

Cheng and Wu used the “two-scale” method to get the approximate

solution Y = exp(εt/4) sin(2(1− exp(−εt/2))/ε). The WKB method

gets this approximate solution directly. Its residual is

r = Ÿ + e−εtY =
1

16
ε2e

εt/4 sin

(
2(1− e−

εt/2)

ε

)
. (3)

Therefore we have the exact solution to a “forced aging spring” where

the forcing function is r . Is r a “small” residual? It’s a bit hard to tell.
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Better backward error

But! Notice that the residual in equation (3) is just ε2Y (t)/16 where

Y (t) is the computed solution. This means that Y (t) is the exact

solution to

y ′′ +

(
e−εt − ε2

16

)
y(t) = 0 . (4)

This is an equation that we can directly interpret in terms of the original

model. This is a structured backward error.

Notice that the spring constant becomes zero when exp(−εt) = ε2/16,

or t = −2 ln(ε/4)/ε. We thus learn that the approximate solution is

likely not valid for t larger than this, in a way that is consonant with the

mathematical modelling. [Milton Van Dyke said only that the solution

was valid for t < O(ln(1/ε)/ε).]
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The aging spring is sensitive to some changes

Figure 3: Taking the derivative with respect to ε shows that the solution is

sensitive to changes in ε. ε = 1/100 here.
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The context matters

Both of those details matter. Changing e−εt to e−εt − ε2/16 introduces

a spurious turning point into the equation. This is likely “not physical”

and demonstrates that for t large enough the Cheng–Wu solution will not

be valid.

The fact that the solution varies strongly when tiny ε is changed by even

a tinier amount is also a kind of ill-conditioning (but somehow it’s “under

control” in the model because we can see its consequences directly).

For both cases, to draw conclusions we need to know the physical

context.
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Perturbation vs Exact Solution

The analysis of the aging spring just performed—exhibiting an

approximate solution that is the exact solution of a nearby problem of

similar type, together with a residual and a condition number—tells us at

least as much information as the exact solution (which is known in terms

of Bessel functions) would have.

We have identified an important issue, namely the sensitivity of the

solution to changes in the problem, that will still be important for the

exact (reference) solution.
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WKB and backward error

The WKB (Wentzel–Kramers–Brillouin) method (or WKBJ method

where the J is for Jeffreys, or LG method for Liouville–Green, or the

“phase integral” method, even) gives the “solution of physical optics” of

ε2y ′′ = Q(x)y as

yWKB = c1Q(x)−1/4eS(x)/ε + c2Q(x)−1/4e−S(x)/ε (5)

where S(x) =
∫ x

x0

√
Q(ξ) dξ. It’s amazingly simple (once you get used to

it); it’s inspired by the integrating factor for εy ′ = P(x)y which is

I (x) =
∫ x

P(ξ) dξ/ε.

The above was for Q(x) > 0 but we can handle Q(x) < 0 similarly.
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The WKB method in brief

“Recall” the method of integrating factors for first-order linear ODE:

multiply y ′ + P(x)y = 0 by F = exp(
∫ x

P(ξ) dξ) to get an exact

derivative (yF )′ = 0 so y = K/F = K exp(−
∫ x

P(ξ) dξ). This almost

works for second order linear ODE, but not quite. Still, it suggests that

to solve

ε2y ′′ − Q(x)y = 0 (6)

we should look for something of the form

y = e
∫ x
a
S0(ξ)/ε dξ , (7)

for some function S0(ξ) which we hope to find on the way. “It turns out”

that we need one more term for any forward accuracy at all:

y = e
∫ x
a
S0(ξ)/ε+S1(ξ) dξ . (8)

Let’s try to work that out using logarithmic derivatives.
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Details

ln y =

∫ x

a

S0(ξ)/ε+ S1(ξ) dξ (9)

so, on differentiation
y ′

y
=

1

ε
S0(x) + S1(x) (10)

and
y ′′

y
−
(
y ′

y

)2

=
1

ε
S ′
0(x) + S ′

1(x) . (11)

Using ε2y ′′ = Q(x)y in the first term, and the first derivative result in

the second term, we get

Q(x)

ε2
−
(
1

ε
S0(x) + S1(x)

)2

=
1

ε
S ′
0(x) + S ′

1(x) . (12)
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Continued

Clearing fractions in ε and expanding the squared term,

Q(x)− S2
0 (x) + ε (2S0(x)S1(x)− S ′

0(x)) + ε2
(
S2
1 (x)− S ′

1(x)
)
. (13)

We can choose S0(x) = ±
√
Q(x) and

S1(x) =
S ′
0(x)

2S0(x)
(14)

to make the first two terms zero, but this leaves an O(ε2) term. In the

classical tradition, if ε is small then ε2 is smaller so we ignore that bit left

over (for now).

Working all this through gives the WKB formula of “physical optics”

which I plunked down, before.
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The relative residual

Look at

r

yWKB
=
ε2y ′′

WKB − Q(x)yWKB

yWKB
=
ε2y ′′

WKB

yWKB
− Q(x) . (15)

Just grind it out—it’s about as much work as we just did. We get

r

yWKB
= ε2

(
Q ′′

4Q
− 5

(
Q ′

4Q

)2
)
. (16)
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Structured backward error for WKB

In other words yWKB gives the exact solution to ε2y ′′ = Q̂(x)y where

Q̂(x) = Q(x) + ε2

(
Q ′′

4Q
− 5

(
Q ′

4Q

)2
)
. (17)

There is no further approximation there. That’s a finite formula for the

exact structured backward error r(x) = ε2Q2(x)y(x). The WKB method

gives an exact solution to a nearby equation (provided Q(x) ̸= 0—places

where Q(x) = 0 are called turning points).

We have not seen this fact mentioned in any other textbook.
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Green’s functions and forward error

The forward error is then∫ x

x0

G (x ,ξ)r(ξ)yWKB(ξ) dξ (18)

where G (x ,ξ) is the Green’s function. We can compute it (pretty easily)

for the WKB solution; it is O(1/ε) in size, so the forward error will be

O(ε) as ε→ 0.

The Green’s function also (and more importantly) measures the

sensitivity to changes in the equation or model, such as added noise.
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An important tangent: Published blunders

Off the top of my head, blunders∗ in published perturbation

computations have been exhibited by

• Robert E. O’Malley (Morrison’s counterexample)

• Émile Mathieu (in his 1868 paper which defined what are now called

Mathieu functions)

• Bender & Orszag (a plain multiple scales computation, fixed in later

editions)

at least. I claim that had they computed a final residual, they would have

detected their blunders. Given that all of the above are/were experts,

and we therefore know that the rest of us make blunders at least as

frequently, I claim that residuals are even more necessary for us.

∗ By “blunder” we mean algebraic error, or mistake. It’s just that the word “error” is a

bit overused in this field already. Also, I feel some worry in pointing out these blunders:

for instance, O’Malley was a giant of perturbation methods. But we are certain.
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To be fair

Richard Brent was fair enough to include some of his own errors in the

paper “Some instructive mathematical errors” I mentioned previously and

so I should say explicitly that I make blunders, too. In my paper (with

David Jeffrey and Donald Knuth) “A Sequence of Series for the Lambert

W function” I claimed a certain series had infinite radius of convergence.

Richard Crandall later pointed out that I was wrong and the series had

radius of convergence
√
2π.

So I am guilty, too!

24



Iterative WKB (time permitting)

If the WKB method gets the solution to the problem with Q + ε2Q2, why

not try to get the solution for Q−ε2Q2? This should get the answer to

the problem with Q + O(ε4)!

This works. But the integrals get complicated. The error terms contain

high order derivatives of Q.

If it works, do it again! This amounts to solving the following iteratively:

Q̃(x) + ε2

5

(
Q̃ ′

4Q̃

)2

− Q̃ ′′

4Q̃

 = Q(x) (19)

Sir Michael Berry pointed out that this process does not converge in

general, but that does not bother us: we stop when the residuals stop

decreasing.
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A difficulty for WKB

The “bottleneck” in the WKB method is the integral∫ x

x0

√
Q(ξ) dξ . (20)

If this is complicated, then the answer is not as useful as it might be. For

instance, ∫ x

0

√
1 + ξ8 dξ = xF

(
−1/2, 1/8

1 + 1/8

∣∣∣∣− x8
)

(21)

Here F is a hypergeometric function. It works well in Maple, though. But

maybe you don’t want one in your code. And there are many potentials

for which no formula for the answer is known, at all.

Enter Chebfun (link) by Nick Trefethen and his group at Oxford, since

2004. This does for approximation of functions what floating-point does

for arithmetic.
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Perturbation is just taking derivatives

The simplicity of a perturbation computation hides its importance. We

are investigating what happens if a small part of the model changes.

This is itself a fundamental question of science. It’s not surprising that

the old techniques are still valuable; maybe it’s a surprise just how

valuable they can be.

That said, nowadays one can do a heck of a lot with a simulation window

and a slider bar.
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Thank you for listening.

This work supported by NSERC, and by the Spanish MICINN. I also

thank CUNEF University and the University of Geneva for the

opportunity to give versions of this talk there, and I thank the organizers

of the Philosophy of Science conference in Dubrovnik in 2025 for the

opportunity to talk to philosophers about it.

Both Nic and I thank Steven Strogatz for his wonderful videos for his

course on Perturbation Methods, especially the videos in which he does

the WKB method. If he had not done those, we would never have

written this chapter or the paper.

(He also said some nice things about our book, and we are grateful for

that, too)
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Using computation to illustrate formulae

Let’s try to understand which is bigger, the term exp(−1/ε) or any

algebraic term εj . L’Hopital’s rule shows that as ε→ 0+ the exponential

is transcendentally smaller than any εj . But what happens if we ask when

the two are equal?

e−1/ε = εj (22)

exactly when ε−1 = eW−1(−1/j) (on the left) and when ε0 = eW0(−1/j).

Here W−1 and W0 are the two real branches of the Lambert W function.

[Short, lucid formulae, just what we want∗.]

So εj is smaller than exp(−1/ε) if ε−1 < ε < ε0. Paradoxically, this is

most of the interval, for large j!

∗ Heh. ε−1 ∼ 1/(j ln j) and ε0 ∼ 1− 1/j might be easier to understand!
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When is that?

Figure 4: For values of j above this curve, εj < exp(−1/ε). That is, the

“exponentially small” term is more important! Left of the red line is lost to

rounding error in double precision. Note exp(−1/ε) = 2−54 already when

ε = ln(2)/54 ≈ 0.0267.
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George Green’s 1838 paper

Figure 5: Available online at HathiTrust
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George Green’s 1838 paper

In a canal of rectangular cross section slowly varying with horizontal

distance x , of width 2β(x) and depth 2γ(x), the flow potential ϕ(x ,t) is

given by the following equation, derived by Green:

∂2

∂x2
ϕ(x , t) +

(
d
dx β(x)

β(x)
+

d
dx γ(x)

γ(x)

)(
∂

∂x
ϕ(x , t)

)
=

1

gγ(x)

∂2

∂t2
ϕ(x , t) .

(23)

“It now only remains to integrate this equation.”

—George Green, in the aforementioned paper.
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Green (1838) anticipated WKB (early 1900s)

Green gave the two independent approximate solutions

ϕ1 = (β(x))−1/2 (γ(x))−1/4 f

(
t +

∫ t

t0

dξ√
gγ(ξ)

)
(24)

ϕ2 = (β(x))−1/2 (γ(x))−1/4 F

(
t −

∫ t

t0

dξ√
gγ(ξ)

)
(25)

where f and F are two arbitrary smooth functions. We see one wave

moving forward, and the other moving backward. There can be no

turning points here, because that would mean either the depth 2γ(x) or

the width 2β(x) of the canal goes to zero.
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More about George Green

See D. M. Cannell’s biography of Green at [link] the SIAM bookstore

• Cambridge, though only a son of a miller (wealthy, “semi-illiterate”)

• Green’s theorem, Green’s functions, Green’s Law

• Never married, but had a long-term relationship and seven children

• His partner burned his remaining mathematical papers after his

death (aged 49) because she felt that Cambridge had ignored him

(reps arrived just too late, as the last of the papers were burning.)

[A possibly apocryphal story told to me by my friend and colleague

David Jeffrey, who is a Caius graduate.]
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Structured backward error for Green’s solutions

What neither Green nor, so far as we can find out, anyone else has

pointed out until now is that Green’s solutions are the exact solutions to

the following equation:

∂2

∂x2
ϕ(x , t)+

(
d
dx β(x)

β(x)
+

d
dx γ(x)

γ(x)

)(
∂

∂x
ϕ(x , t)

)
+E (x)ϕ(x ,t) =

∂2

∂t2ϕ(x , t)

gγ(x)
,

(26)

where

E (x) =

(
d
dx β(x)

)2
4β(x)2

−
(

d
dx β(x)

) (
d
dx γ(x)

)
2β(x) γ(x)

+

(
d
dx γ(x)

)2
16γ(x)2

−
d2

dx2 β(x)

2β(x)
−

d2

dx2 γ(x)

4γ(x)
.

(27)

This term is, under Green’s assumptions, O(ε2) small.

(He used ω where we use ε).
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Some consequences

We can now look for “special canal shapes” for which Green’s solution is

exact: that is, we find β(x) and γ(x) for which E (x) is zero (there are

lots of such shapes). This is an exercise in our book. (Solutions to all the

exercises are given in the back of the book.)

More realistically, for specific β(x) and γ(x) we can compare E (x) to

other terms that Green neglected in deriving his equations. We can then

decide if this modified equation is just as good a model as the one he

wrote down originally—and in that case the modified equation has exact

solutions.
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Some details

To prove that Green’s solutions are the exact solutions to this equation,

we substituted each of Green’s independent solutions into the canal

equation and noted that the result was proportional to the solution. We

compared the proportionality function for each solution and showed that

the function was the same in each case, namely E (x) as above.

This was not out of Green’s reach. Later, Richard Gans almost did this

for what was to become the WKB method (Gans published in 1915;

Jeffreys in 1923; Wentzel, Kramers, and Brillouin (separately) in 1926,

unaware of prior work).

Apparently Carlini anticipated everyone, publishing something using the

idea in 1817 for an approximate solution of Kepler’s equation. I’m

skeptical.

39



The Watson–Wong–Wyman lemma

Suppose [5]

I (x) =

∫ b

t=0

f (t)e−xtdt (28)

exists and is finite for x > 0. We will take x > 0 and b > 0, and allow

the case b = ∞ which will occasionally require explicit mention.

Suppose now that ϕk(t) is an asymptotic sequence for k = 0, 1, 2, . . . as

t → 0+, which implies that ϕk+1(t) = o(ϕk(t)) as t → 0+, and suppose

moreover that each ϕk(t) ≥ 0 for all t ≥ 0. Suppose that

f (t) ∼
∞∑
n=0

anϕn(t), t → 0+ . (29)
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WWW lemma continued

Suppose also that ψk(x) :=
∫ c

t=0
ϕk(t) exp(−xt)dt (here c might be b, or

∞, or any convenient nonzero upper limit) is an asymptotic sequence for

k = 0, 1, 2, . . . as x → ∞. Finally, suppose that the ψk(x) decay to zero

more slowly than exp(−αx) for any α > 0. That is,

eαxψk(x) → ∞ (30)

as x → ∞, for any integer k ≥ 0 and for any real α > 0.

Then ∫ b

0

f (t)e−xtdt ∼
∞∑
n=0

anψn(x), x → +∞ . (31)
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Why?

I wrote a short procedure (see the Jupyter notebook “A stronger

Watson’s lemma”) for computation of asymptotic approximations to∫ ∞

0

f (t)e−xt dt (32)

using Watson’s lemma. The code turned out to be able to compute

expansions for which Watson’s lemma did not apply: in particular, when

the expansion of f (t) at t = 0+ contained logarithms, or contained

exponentially small terms such as exp(−1/t). Maple uses generalized

series, by default.

Wong and Wyman had explored this already in 1972, but it’s not really

until computer algebra caught up that it’s become useful.
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Aside: Generalized series

Since at least [2] Maple has computed generalized series approximations

with its series command. That means that it allows its answers to

contain certain other “elementary” terms, not just powers of the main

variable. For instance, consider

x sin x = 1+ ln(x) x +
1

2
ln(x)2 x2+

(
− ln(x)

6
+

ln(x)3

6

)
x3+O

(
x4
)
(33)

which has a hierarchy of terms involving powers of x and powers of ln x

in it; many such series are triangular in that not all powers of ln x occur

at each power of x . The above was generated by the command

series( x^sin(x), x, 4 ). The O symbol therefore includes

slower-growing terms with the hidden constant.
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Another example

∫ π

0

tsin te−xt dt =
1

x
+

1− γ − ln(x)

x2

+
1 + π2

6 + ln(x)2 + γ2 − 3γ + ln(x) (−3 + 2γ)

x3
+ O

(
1

x4

)
(34)

which is made possible to compute in Maple with my “Watson” program,

by means of the generalized series just mentioned. Checking at (just by

chance) x = 113 gives 0.00852250 for the integral and 0.00852275 for

the series; reasonable agreement.

44



“The method of exact solution”

My code says that
∫∞
0

exp(−xt)/(1− exp(−1/t))dt is asymptotic to

√
π e−2

√
x

x
3
4

+
1

x
+

3
√
π e−2

√
x

16x
5
4

− 15
√
π e−2

√
x

512x
7
4

+ O

(
1

x
9
4

)
(35)

as x → ∞. Notice the mixture of algebraically small and exponentially

small terms. This works because Maple knows∫ ∞

0

e−
1
t e−txdt =

2K1

(
2
√
x
)

√
x

(36)

where K1 is a Bessel K function.
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